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The one-dimensional free energy model for ferroelectric materials developed by Smith et al. [Smith, R.C., Seelecke, S.,
Ounaies, Z., 2002. A free energy model for piezoceramic materials. In: 9th SPIE Conference on Smart Structures and Mate-
rials, San Diego, USA, pp. 17–22; Smith, R.C., Seelecke, S., Ounaies, Z., Smith, J., 2003. A free energy model for hysteresis
in ferroelectric materials. J. Intell. Mater. Syst. Struct. 14, 719–739; Smith, R.C., Seelecke, S., Dapino, M.J., Ounaies, Z.,
2005. A uniﬁed framework for modeling hysteresis in ferroic materials. J. Mech. Phys. Solids 54, 46–85] is generalized to
three space dimensions including both polarization and strain. In the resulting nine-dimensional energy function, six free
energy potentials representing the six distinct types of tetragonal variants of perovskite lattice structures are given as qua-
dratic functions of polarization vector and strain tensor. Energy barrier expressions as functions of thermodynamic driving
forces are obtained through a generalization of the one-dimensional equations derived from the model of Smith et al. This
approach presents an alternative to the cumbersome determination of higher-dimensional saddle points and is attractive for
a computationally eﬃcient implementation. The energy barrier expressions are combined with evolution equations for the
variant fractions based on the theory of thermally activated processes and thus allow for a natural treatment of rate-depen-
dent eﬀects. The predictions of the model are compared with recent measurements on BaTiO3 single crystals by Burcsu et al.
[Burcsu, E., Ravichandran, G., Bhattacharya, K., 2004. Large electrostrictive actuation of barium titanate single crystals. J.
Mech. Phys. 52, 823–846]. The eﬀects of applied stress and 90- and 180-switching processes are discussed in detail.
 2006 Elsevier Ltd. All rights reserved.
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A ferroelectric ceramic changes its polarization direction when subjected to large electric or mechanical
stress ﬁelds, see Jona and Shirane (1962). An electrical polarization change accompanies a mechanical0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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cally coupled, and the coupled material behavior is nonlinear under relatively large loads, which is attributed
to microscopic domain switchings between variants in the material. There exist two diﬀerent types of switch-
ings, 180- and non-180-switchings, in the materials. Most of the technically important lead zirconate titanate
(PZT) ceramics have components in the vicinity of the morphotropic phase boundary (MPB), with two
ferroelectric phases, i.e., the tetragonal and the rhombohedral phases, coexisting inside the materials. 180-
switchings occur between the variants having opposite polarization vectors, while non-180-switchings occur
between the variants whose polarizations are either 90 apart in tetragonal crystals or 71/109 apart in rhom-
bohedral crystals. Electric ﬁelds can induce both 180- and non-180-switchings, whereas mechanical stresses
produce non-180-switchings only (Zhang et al., 1988).
There have been many eﬀorts to understand the complicated nonlinear behavior of ferroelectric materials,
most of them in terms of 180- and non-180-switchings. For example, Lynch (1996) induced full polarization
reversal at various constant compressive stresses and found the decrease of remanent polarization and rema-
nent strain with increasing compressive stresses, which are interpreted in terms of 180- and non-180-switch-
ings. Chaplya and Carman (2001) and Zhou et al. (2005) have also studied the eﬀect of prestress on the
nonlinear polarization and strain response of lead zirconate titanate piezoelectric ceramic and explained the
observations in terms of sequential non-180-switching processes. Huber et al. (1999) discussed critical values
of driving force for 90- and 180-switchings in their model of polycrystalline ferroelectrics, Kamlah et al.
(2005) used the critical driving forces of Huber et al. (1999) for both types of switchings in calculating the pol-
ing behavior of ferroelectric polycrystals, Zhou et al. (2001) explained rate dependence of a soft ferroelectric
material in terms of 90- and 180-switchings, and Kim and Kwak (2004) studied the eﬀects of tensile stress on
the electric ﬁeld-induced strain in piezoelectric wafers and compared predictions with experiments done by Lee
et al. (2005). Recently, York and Seelecke (2005) explained their observations on rate-dependent inner hyster-
esis loops using diﬀerent kinetics of 90- and 180-switchings. Dynamic characteristics of 180- and non-180-
domain walls are believed to be diﬀerent from each other by researchers. The 180-domain walls have much
narrower width (probably on the order of one unit cell) in comparison with non-180-domain walls. The for-
mer is not ferroelastically active while the latter is. As a result, the two types of switchings are modeled to have
diﬀerent material constants in associated constitutive equations. For example, diﬀerent parameters are
assigned in the activation energy equations of Belov and Kreher (2005) for diﬀerent types of switchings,
and diﬀerent values of energy barriers are used for diﬀerent types of switchings in the two-dimensional mod-
eling of Seelecke et al. (2005), which is a generalization of the one-dimensional model of Smith et al. (2002,
2003, 2005).
In this article we propose a three-dimensional model for ferroelectric single crystals, which generalizes the
one-dimensional free energy model of Smith et al. (2002, 2003, 2005). Their one-dimensional model is revis-
ited, and one-dimensional energy barrier equations between two energy wells are derived as a function of ther-
modynamic driving forces, which are the diﬀerences between the minima of two energy wells. Subsequently,
the one-dimensional energy barrier equations are generalized to the three-dimensional case so that both 180-
and 90-switchings are accounted for. Thermodynamic driving forces are calculated from a nine-dimensional
free energy potential given as a piecewise quadratic function of polarization vector and strain tensor for each
variant of a tetragonal ferroelectric single crystal. In the proposed model, contrary to the one-dimensional
model of Smith et al. (2002, 2003, 2005) and the two-dimensional model of Seelecke et al. (2005), it is not nec-
essary to describe the free energy potential over the entire nine-dimensional space of polarization vector and
strain tensor, because the energy barriers are directly linked to the minima of the energy wells. In particular, it
is not necessary to construct the non-convex, unstable regimes between the wells and to determine the loca-
tions and the energy values at saddle points in a high-dimensional space in order to ﬁnd the energy barriers.
This feature is particularly attractive as it reduces the computational cost of a higher-dimensional model. In
addition, the proposed three-dimensional model fully takes into account the eﬀects of electric ﬁeld as well as
mechanical stress, which had also been addressed recently by Ball et al. (in press) using concepts of partial
equilibria. The eﬀects of mechanical stress had not been included in the previous one- and two-dimensional
models of Smith et al. (2002, 2003, 2005) and Seelecke et al. (2005). The responses of the present model are
ﬁnally compared with recent observations of Burcsu et al. (2004) for BaTiO3 single crystals, and model
responses to multi-axial electrical loading at various rates and compressive stress loading are discussed.
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Energy formulations for commonly employed ferroelectric materials can be motivated by changes occurring
in the ionic structure during domain switchings or phase transitions in response to applied electric and stress
ﬁelds. For illustration, we focus on PbTiO3 which is isostructural with the mineral perovskite (CaTiO3). The
crystal lattice of a perovskite material, as shown in Fig. 1(a), exhibits a cubic conﬁguration at temperatures
above the Curie point TC (paraelectric phase) and a tetragonal form below TC (ferroelectric phase). Speciﬁcally,
a unit cell of the material will have a cubic structure at temperatures T > TC with the Ti
+4 ion located at the
center of the lattice, and it will be in one of six tetragonal structures at temperatures T < TC with the Ti
+4
ion biased along one of the three mutually orthogonal crystallographic directions, see for example Fig. 1(b).
Net polarization in the lattice is zero in the paraelectric case, while it has a ﬁnite value in the ferroelectric case.
The position of Ti+4 is not ﬁxed but varies under an electric ﬁeld or a mechanical stress. Under an electric ﬁeld
opposite to the polarization direction of the lattice, the Ti+4 ion moves in the direction of the applied ﬁeld and,
when the electric ﬁeld exceeds a critical value (coercive ﬁeld), the net polarization of the lattice is reversed,
Fig. 1(c). This type of process is called 180-switching, while the application of a compressive stress parallel
to the polarization direction of the lattice, leads to what is called 90-switching as shown in Fig. 1(d).
Smith et al. (2005) have proposed a one-dimensional free energy potential for a mesoscopic lattice element
representing the average eﬀect of a large number of the unit cells shown in Fig. 1. This Helmholtz free energy
potential models 180-switching processes with two energy wells and one local maximum between the two
wells and is deﬁned as a piecewise quadratic function w(P), which readsw1ðP Þ ¼
1
2
vðP  PRÞ2 if P I 6 P ;
w2ðP Þ ¼
1
2
vðP þ PRÞ2 if P 6 P I;
w3ðP Þ ¼
1
2
vðP I  PRÞðP 2=P I  PRÞ if  P I 6 P 6 P I:
ð1ÞThe subscripts 1 and 2 refer to the two energy wells, respectively, and the subscript 3 the local energy maxi-
mum in between. PI denotes the positive inﬂection point and PR denotes the polarization at which the positive
minimum occurs in the P direction. The Helmholtz free energy given by (1) is shown schematically in Fig. 2(a).
The Gibbs free energy density g(P,E), related to the Helmholtz free energy by the Legendre transformation
g = w  EP, is given byg1ðP ;EÞ ¼
1
2
vðP  PRÞ2  EP if P I 6 P ;
g2ðP ;EÞ ¼
1
2
vðP þ PRÞ2  EP if P 6 P I;
g3ðP ;EÞ ¼
1
2
vðP I  PRÞðP 2=P I  PRÞ  EP if  P I 6 P 6 P I:
ð2ÞFig. 1. Lattice structure in a paraelectric and ferroelectric PbTiO3 crystal, 90- and 180-switching processes.
Fig. 2. One-dimensional Helmholtz free energy w and Gibbs free energy g for increasing ﬁeld E.
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equilibrium value determining the Ti+4 position exceeds the unstable equilibrium due to the central O2 ion
pairs, as shown in Fig. 2(b) and (c). The locations of extremum points and the values of extremum energies can
be obtained from (1) and (2).P 1m ¼ E=vþ PR; g1m ¼ E2=ð2vÞ  EPR;
P 2m ¼ E=v PR; g2m ¼ E2=ð2vÞ þ EPR;
P 3M ¼ ðE=vÞðP I=ðPR  P IÞÞ; g3M ¼ E2=ð2vÞ þ E2PR=ð2EcrÞ þ EcrPR=2;
ð3Þwhere Ecr is a critical electric ﬁeld deﬁned byEcr ¼ vðPR  P IÞ: ð4Þ
(3) shows that with an increasing electric ﬁeld E, the locations of various extremum points move, i.e., the two
energy minimum points P1m and P2m inW1- andW2-wells move in the +P direction and the local energy max-
imum point P3M in the concave well moves in the P direction, which is shown in Fig. 2(b). With a further
increase in E, P2m and P3M coincide at PI for E = Ecr. The values of extremum energies also change with an
increasing electric ﬁeld. The minimum energy g1m in W1-well decreases, and the minimum energy g2m in W2-
well and the local energy maximum g3M in the concave well increase. After electric ﬁeld increases beyond Ecr
(or decreases below Ecr), the extremum points are no longer to be determined by (3), which is valid only for
Ecr 6 E 6 Ecr, but have become boundary value extrema, so that, e.g., P2m = P3M = PI for E > Ecr.
Consequently, g2m and g3M (or g1m and g3M) are evaluated together by g2(PI,E) = g3(PI,E) (or
g1(PI,E) = g3(PI,E)) as shown in Fig. 2(c).
Since the transition probabilities for switchings between W1-well and W2-well are computed based on the
energy barriers between the wells, it is interesting to see how the values of energy barriers change during
switching. When Ecr 6 E 6 Ecr, the energy barrier, Dg21, for a switching fromW2-well toW1-well is obtained
from Dg21 = g3(P3M,E)  g2(P2m,E); when E 6 Ecr, from Dg21 = g3(PI,E)  g2(P2m,E); ﬁnally, when
Ecr 6 E, it is zero because g3(PI,E) = g2(PI,E). Therefore, the energy barrier, Dg21, for a 2! 1 switching
is given as a function of electric ﬁeld byDg21 ¼
0 if Ecr 6 E;
1
2
EcrPRð1 E=EcrÞ2 if  Ecr 6 E 6 Ecr;
1
2v
ðE þ EcrÞ2  2EPR if E 6 Ecr;
8>><
>>>:
ð5Þand drawn schematically as a solid line in Fig. 3(a). The dashed line in Fig. 3(a) represents the Dg12–E plot for
a 1! 2 switching, which is symmetrical with respect to the vertical axis.
Considering that Dg21 is very large but Dg12 is zero in the electric ﬁeld range E 6 Ecr in Fig. 3(a), the tran-
sition probability for a switch from W2-well to W1-well is negligibly small compared to that from W1-well to
W2-well. As a result, the resulting rate of switching between two energy wells is determined mainly by the
1! 2 switching rather than by 2! 1 switching. In addition, the ﬁrst term in (5)3 is usually very small com-
Fig. 3. Variations of energy barriers in one-dimensional model: (a) variation of energy barrier over E, and (b) approximated variation of
energy barrier over f.
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in (5)3 by neglecting the ﬁrst term. Then the quadratic curve in the range E 6 Ecr in Fig. 3(a) becomes a
straight line. Next we express the approximated one-dimensional energy barrier equation in terms of thermo-
dynamic driving force, which is deﬁned byf21  g2m  g1m ¼ 2EPR;
f12  g1m  g2m ¼ 2EPR:
ð6ÞThen the energy barrier Dg21 for a 2! 1 switch is given in terms of f21 asDg21 ¼
0 if f cr 6 f21;
1
4
fcrð1 f21=fcrÞ2 if  fcr 6 f21 6 fcr;
f21 if f 21 6 fcr;
8><
>: ð7Þwhere critical driving force fcr is deﬁned byfcr ¼ 2EcrPR ¼ 2vPRðPR  P IÞ: ð8Þ
Fig. 3(b) shows an approximated schematic Dg21–f21 energy barrier plot for a 2! 1 switching given by (7).
Note that the Dg21–f21 plot is now straight for the driving force range f21 6 fcr due to the approximation,
and the Dg12–f12 plot is exactly the same as the Dg21–f21 plot with the subscript 21 replaced by 12, as shown
in Fig. 3(b).
3. Three-dimensional model
3.1. Free energy function
A ferroelectric single crystallite usually has a complicated microstructure that consists of various types of
variants with distinct spontaneous polarization directions. Perovskite type crystals such as PZT or BaTiO3
exist as a tetragonal lattice structure at room temperature and hence there exist six diﬀerent types of variants.
Suppose a a-type variant resides at the energy minimum state of Wa-energy well. Then the Helmholtz free
energy potential per unit volume wa(P,S) for Wa-well is given bywaðP;SÞ ¼
1
2
vSa : ðP PRa Þ  ðP PRa Þ þ
1
2
cPa : ðS SRa Þ  ðS SRa Þ þHTa : ðP PRa Þ  ðS SRa Þ; ð9Þwhere vSa is the inverse dielectric susceptibility tensor of second order at constant strain; c
P
a the elastic stiﬀness
tensor of fourth order at constant polarization; Ha the piezoelectric tensor of third order of the a-type variant
residing at the energy minimum state ofWa-well, respectively. P
R
a and S
R
a are the polarization vector and strain
tensor at which the value of energy in Wa-well is minimum, respectively, and the superscript T stands for the
transpose of a tensor. In the presence of applied electric ﬁeld E and mechanical stress T, the energy landscape
near each local energy minimum given by (9) is distorted and the potential energy of a dipole is combined with
the Helmholtz free energy wa to yield the Gibbs energy potential ga(P,S;E,T) of Wa-well given by
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Polarization and strain state (Pam,Sam) at which energy is minimized in Wa-well can be obtained by diﬀeren-
tiating (10) with respect to P and S at constant E and T and setting them zero. Then we get E = owa/oP and
T = owa/oS which are expressed asE ¼ vSa : ðPam  PRa Þ þHa : ðSam  SRa Þ;
T ¼ cPa : ðSam  SRa Þ þHTa : ðPam  PRa Þ:
ð11ÞThe inversion of (11) yields the energy minimum state (Pam,Sam) given byPam ¼ PRa þ yTa : Eþ da : T;
Sam ¼ SRa þ sEa : Tþ dTa : E;
ð12Þwhere yTa ; da and s
E
a denote the dielectric susceptibility tensor at constant stress, piezoelectric tensor, and elastic
compliance tensor at constant electric ﬁeld of the variant residing in Wa-well, respectively. Combining (10)
with (9) and (11), the minimum Gibbs energy gam can be obtained in terms of Pam and Sam bygam ¼ 
1
2
E  ðPam þ PRa Þ 
1
2
T  ðSam þ SRa Þ: ð13Þor in terms of E and T bygam ¼ 
1
2
yTa : E  E
1
2
sEa : T  T dTa : E  T E  PRa  T  SRa : ð14ÞThermodynamic driving force associated with Wa- and Wb-wells is deﬁned byfab ¼ gam  gbm; ð15Þ
and it is given from (14) byfabðE;TÞ ¼  1
2
DyTab : E  E
1
2
DsEab : T  T DdTab : E  T E  DPRab  T  DSRab; ð16ÞwhereDyTab ¼ yTa  yTb ; DsEab ¼ sEa  sEb ; Ddab ¼ da  db;
DPRab ¼ PRa  PRb ; DSRab ¼ SRa  SRb :
ð17ÞNote that when applied stress is zero, the thermodynamic driving force fab in (16) with a = 2 and b = 1 is re-
duced to thermodynamic driving force f21 in (6), because DyTab is reduced to zero and DP
R
ab to 2PR.
3.2. Evolution equations
In order to describe the kinetics of a switching process, we consider a representative macroscopic volume
element, composed of mesoscopic lattice elements, each of which sees the energy landscape introduced above.
Due to thermal activation, present in every physical body at non-zero temperature, the polarization and strain
states of such a lattice element ﬂuctuate about its equilibrium values in the energy well, which characterizes its
phase (W1 W6). When an external electric ﬁeld or mechanical stress is applied, the corresponding energy
barriers are lowered, and switching can occur from one energy well to another. One may refer to Smith
et al. (2002, 2003, 2005) for the application of thermal activation theory to ferroelectric materials.
The macroscopic polarization vector and strain tensor of a representative macroscopic volume element are
given byP ¼
X6
a¼1
xaPa; S ¼
X6
a¼1
xaSa: ð18ÞThese expressions are the weighted sum of the average polarization vector Pa and strain tensor Sa of all mes-
oscopic lattice elements in the individual wells, and the weighting factors are the respective phase fractions xa.
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based on the probability to ﬁnd a particular polarization and strain state (Pa,Sa).lðPa;SaÞ ¼ C exp  gðPa;Sa;E;TÞkBT=V LE
 
: ð19ÞThis is a typical Boltzmann expression with a normalization constant C, kB and T are Boltzmann’s constant
and the absolute temperature, g is the Gibbs free energy density introduced above, and VLE is the volume of a
mesoscopic lattice element. The average polarization vector and strain tensor in phase a are then obtained
fromPa ¼
Z
a
PlðP;SÞdPdS;
Sa ¼
Z
a
SlðP;SÞdPdS;
ð20Þwhere integration is carried out in a region near the energy minimum state of Wa-well. For solid bodies, the
level of thermal activation is comparatively low. In the limiting case of vanishing thermal activation, the prob-
abilities degenerate to Dirac-Delta functions, and the average values coincide with the polarizations and
strains at the minima of the energy wells. Then, the macroscopic polarization vector and strain tensor given
by (18) are reduced toP ¼
X6
a¼1
xaPam; S ¼
X6
a¼1
xaSam; ð21Þwhere Pam and Sam denote the polarization vector and strain tensor at the energy minima of Wa-well given by
(12).
The phase fractions xa in (18) are determined from a set of evolution equations, motivated by the theory of
thermally activated processes. The rate of change of the phase fraction in the Wa-well is given by_xa ¼
X6
b¼1;b6¼a
ðlbaxb  labxaÞ; a ¼ 1; 2; . . . ; 6; ð22Þwhich expresses the fact that xa can change due to a gain or loss of lattice elements from or to neighboring
wells. These gains and losses are proportional to the number of lattice elements in the neighboring wells,
xb, and the phase fraction in the well of interest, xa. The proportionality factors lab are the transition prob-
abilities for a switch from Wa-well to Wb-well, and they are computed from statistical thermodynamics aslab ¼
1
sab
exp  Dgab
kBT=V LE
 
; a; b ¼ 1; 2; . . . ; 6; a 6¼ b: ð23ÞThey are the product of the probability of ﬁnding a lattice element on top of the barrier betweenWa- andWb-
wells, and the frequency 1/sab with which it attempts to cross this barrier. It is well known from statistical
mechanics that these frequencies depend on the curvature of the energy well, and if this well is not rotationally
symmetric, the frequencies will be anisotropic. For the sake of simplicity, we will not update the frequencies,
when the energy wells are distorted by external loads, and we will assume constant relaxation times s90 and
s180 for two types of switching processes. The term Dgab is the diﬀerence between the energy of the barrier
between Wa- and Wb-wells and the energy at the minimum of Wa-well. Note that expression (23) is again
the low thermal activation limit of the transition probability.
Now we generalize the approximated one-dimensional energy barrier equations (7) to nine dimensions. In
one-dimensional model, the path of a lattice element during a 1M 2 switching is obvious and the variation of
free energy along the switching path is determined from Gibbs energy equation (2) at each value of applied
electric ﬁeld, as shown in Fig. 2. Using the Gibbs energy proﬁle along a switching path, the value of energy
barrier can be determined as a function of electric ﬁeld or thermodynamic driving force, which is drawn sche-
matically in Fig. 3. However, the evaluation of energy barriers is not a trivial job in multi-dimensional space.
In the two-dimensional model recently proposed by Seelecke et al. (2005), the locations of critical points across
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energy barriers are evaluated at those locations. In the general case of nine-dimensional space, this job is
almost impossible to do. Therefore, in the present nine-dimensional model, we assume that the energy barrier
for a a! b switching depends only on thermodynamic driving force fab associated withWa- andWb-wells and
that the approximated one-dimensional energy barrier equation (7) in Fig. 3(b) can be extended to nine dimen-
sions by replacing f21 by fab. These assumptions make it unnecessary to describe free energy potentials over the
entire nine-dimensional space. It is enough to describe them only near each local minimum state. This gener-
alization of energy barrier equations seems natural, considering the correspondences between Gibbs energy
potentials (2) and (10) and between thermodynamic driving forces (6) and (16). However, this generalization
applies only to 180-switchings, not to 90-switchings. We have checked how the values of energy barriers for
90-switchings change with thermodynamic driving forces using the two-dimensional model of Seelecke et al.
(2005). There it is found that the values of energy barrier at zero driving force and critical driving force are
diﬀerent from those of 180-switchings. These observations lead us to take diﬀerent energy barrier parameters
for 180- and 90-switchings, which is often found across the literature, for example, Belov and Kreher (2005),
Li and Fang (2004), Kim et al. (2003). Taking all these considerations into account, we propose the following
energy barrier equation for a switching from Wa-well to Wb-wellDgab ¼
0 if f cr 6 fab;
Dg0ð1 fab=fcrÞ2 if 0 6 fab 6 fcr;
fab þ Dg0ð1þ fab=fcrÞ2 if  fcr 6 fab 6 0;
fab if f ab 6 fcr;
8>><
>>>:
ð24Þwhere fcr (>0) is a critical driving force given byfcr ¼
fcr180 for 180-switchings;
fcr90 for 90-switchings;

ð25Þand Dg0 (>0) is the value of energy barrier at zero driving force given byDg0 ¼
1
4
fcr180 for 180-switchings;
Dg90 for 90
-switchings:
8<
: ð26Þ(24) is drawn schematically in Fig. 4. In the ﬁgure, Dgab can stay as a decreasing function of fab for
fcr 6 fab 6 0 as long as Dg0 is less than fcr/2. Finally, it is noted that, in case of 180-switchings, the general
nine-dimensional energy barrier equation (24) is reduced to the approximated one-dimensional energy barrier
equation (7), and, in 90-switchings, the slope of energy barrier at fab = 0 in Fig. 4 is not continuous unless
Dg90 ¼ 14 fcr90.
Once determined, the lab are then used to assemble the right hand side of the ordinary diﬀerential equation
system (22). Using the phase fraction constraint
P6
a¼1xa ¼ 1, we can ﬁnally reduce the six diﬀerential equations
(22) to a set of ﬁve coupled diﬀerential equations:Fig. 4. Variation of energy barrier over thermodynamic driving force in three-dimensional model.
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X5
b¼1;b6¼a
ðlba  l6aÞxb 
X6
b¼1;b6¼a
lab þ l6a
 !
xa þ l6a a ¼ 1; 2; . . . ; 5: ð27ÞComplemented by suitable initial conditions, this ordinary diﬀerential equation system can be integrated
numerically for a prescribed electric ﬁeld or mechanical stress input to yield the phase fraction evolution,
and together with the algebraic equation (21), the time-dependent polarization and strain can be computed.
Note that the character of the diﬀerential equation system introduces a natural time scale through the relax-
ation times s180 and s90, which allows to predict rate-dependent eﬀects in a natural way.
4. Results and discussion
In this section, the response of the model described in the previous sections is calculated for several diﬀerent
cases of electric and mechanical loading. First we consider a single crystalline material with crystallographic
direction coinciding with the global (X1,X2,X3) coordinate frame, where there exist six kinds of dipoles in the
material with their crystallographic c axes in the ±X1-, ±X2- and ±X3-axes, respectively. Each variant whose
polarization direction coincides with the +X1,+X2,+X3,X1,X2 and X3-axes are denoted by variant
1,2,3,4,5 and 6, respectively. We simulate quasistatic polarization hysteresis loops and strain butterﬂy curves
of a BaTiO3 single crystal recently observed by Burcsu et al. (2004). The values of components of material
property tensors are given in the principal crystallographic one c and two a axes of the tetragonal lattice,
which are shown belowsE11 ¼ 8:05 1012 m2=N; Tc =0 ¼ 168; dccc ¼ 85:6 1012 C=N;
sE12 ¼ 2:35 1012 m2=N; Ta =0 ¼ 2920; dcaa ¼ 34:5 1012 C=N;
sE13 ¼ 5:24 1012 m2=N; PR ¼ 0:26 C=m2; daac ¼ 196 1012 C=N;
sE33 ¼ 15:7 1012 m2=N; SRa ¼ 4:2 103; 0 ¼ 8:85 1012 C=V m;
sE44 ¼ 18:4 1012 m2=N; SRc ¼ 6:7 103; kB ¼ 1:38044 1023 J=K;
sE66 ¼ 8:84 1012 m2=N; T ¼ 298 K;
ð28Þ
s90 ¼ 60 103 s; f cr90 ¼ 100000 J=m3; Dg90 ¼ 5500 J=m3;
s180 ¼ 10 103 s; f cr180 ¼ 40000 J=m3; V LE ¼ 3:0 1024 m3;
ð29Þwhere sEij’s are elastic compliance coeﬃcients at constant electric ﬁeld with the short notations s
E
11 ¼ sE1111, sE16 ¼
2sE1112, s
E
56 ¼ 4sE1213, and so on, where the subscript 3 denotes the c axis of the crystal lattice; dccc, dcaa and daac are
the piezoelectric coeﬃcients; and Tc and 
T
a are the permittivities at constant stress. The material parameters in
(28) can be found from Jaﬀe et al. (1971), Mitsui et al. (1969), and Shu and Bhattacharya (2001). Other tensor
quantities such as inverse dielectric susceptibility tensor at constant strain vS, piezoelectric tensorH, and so on,
can be calculated from (28). Six material constants, s90, s180, fcr90, fcr180, Dg90, andVLE, in (29) are determined so
that model predictions ﬁt well with measurements. For example, the values of s180 and s90 are determined to ﬁt
calculations with observed rate dependency of polarization and strain curves, respectively; the value of Dg90 is
determined to match induced strains during electric ﬁeld-induced polarization reversal; fcr90 to ﬁt with the de-
gree of wideness of strain curves; and ﬁnally VLE to prevent 180-switchings during stress-induced switchings.
Note that the value of energy barrier of 90-switchings, Dg90 = 5500 J/m3, at zero driving force is smaller than
that of 180-switchings, Dg180 = 10,000 J/m3, which coincides with Li and Fang (2004), where the former is cho-
sen to be a quarter of the latter in favor of 90-switchings. Applied electric ﬁeld is sinusoidal, and its amplitude
and frequency are Eamp = 1.1 MV/m and fE = 0.05 Hz, respectively, unless speciﬁed otherwise. The electric
ﬁeld is applied under three diﬀerent compressive stresses, i.e., under T = 0 MPa, 0.36 MPa and
1.07 MPa, which are applied parallel to electric ﬁeld and are kept constant during each electric cycling. First
we simulate the observations of Burcsu et al. (2004) on a BaTiO3 single crystal and then we will show and dis-
cuss the response of the model at diﬀerent directions and frequencies of electric ﬁeld.
Fig. 5 shows the comparison of measurements (dashed lines), recently reported by Burcsu et al. (2004) and
provided for this work by Bhattacharya (2005), and calculations (solid line) under three diﬀerent but constant
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Fig. 5. Comparison of measurements (dashed lines) by Burcsu et al. (2004) and predictions (solid lines) for a BaTiO3 single crystal at three
diﬀerent compressive stresses, 0 MPa (left), 0.36 MPa (center) and 1.07 MPa (right): (a) polarization hysteresis curves, (b) strain
butterﬂy curves and (c) evolutions of phase fractions.
S.-J. Kim, S. Seelecke / International Journal of Solids and Structures 44 (2007) 1196–1209 1205compressive stresses, the left plots are for 0 MPa, the center ones for 0.36 MPa and the right ones for
1.07 MPa. Initially, all lattices in the material is in W4-well and a sinusoidal electric ﬁeld of two cycles is
applied in the +X1. Fig. 5(a)–(c) show quasistatic polarization hysteresis curves, strain butterﬂy curves and
phase fraction evolutions, respectively, for the second cycle of electrical loads. At zero compressive stress,
the polarization hysteresis loop exhibits a relatively sharp transition, typical for a single crystal, and it is rather
thin, indicative of a low coercive ﬁeld. Toward the end of the transformation, the slope decreases smoothly
until saturation is reached. The tendency of decreasing slope with transformation gets bigger with increase
in compressive stress. In Fig. 5(b), the magnitude of induced strain (or actuation strain) is shown to increase
with increasing compressive stress. It is because the actuation strain is associated with 90-switchings and the
presence of compressive stress induces more 90-switchings. A compressive stress lowers the lateral
W2,W3,W5,W6-wells, and more lattices in W4 (or W1)-well jump ﬁrst into the four lateral wells and then
ﬁnally into W1 (or W4)-well, thereby completing a whole polarization reversal process. This is clearly seen
in Fig. 5(c), where the evolutions of phase fractions are drawn over non-dimensionalized time with respect
to the period of applied ﬁeld. In the ﬁgure, the phase fractions in the lateral wells, x2,x3,x5,x6, increase with
increasing compressive stress.
Next, we discuss the response of the model to electric ﬁelds applied in three diﬀerent directions under zero
stress. We denote the components of applied electric ﬁeld in the global (X1,X2,X3) frame by (E1,E2,E3). Then
1206 S.-J. Kim, S. Seelecke / International Journal of Solids and Structures 44 (2007) 1196–1209the solid lines in Fig. 6(a) and (b) correspond to applied electric ﬁeld whose components are (Eapl, 0,0), the
dashed lines to 1ﬃﬃ
2
p ðEapl;Eapl; 0Þ, and ﬁnally the dashed and double dotted lines to 1ﬃﬃ3p ðEapl;Eapl;EaplÞ. The three
loading directions correspond to crystallographic (1,0,0), (1,1,0), and (1,1,1) directions, respectively. The
polarization and strain in Fig. 6 represent the components of polarization vector and strain tensor in the direc-
tion of applied electric ﬁeld. Therefore, the magnitudes of polarization and relative strain is the biggest when
electric ﬁeld is applied in the (1,0,0) direction and the smallest when electric ﬁeld is applied in the (1,1,1) direc-
tion. Actually, the magnitude of relative strain in the latter case is zero, which is because the contributions of
lattices in the six energy wells to longitudinal strain in the (1,1,1) direction are the same. Though these results
are not compared to measurements by Burcsu et al. (2004), similar predictions were obtained from a two-
dimensional single-crystal model of Seelecke et al. (2005). The observations of Huber and Fleck (2001), where
polarization hysteresis curves under diﬀerent loading angles are measured for polycrystalline ferroelectrics, are
also closely related to the present calculations.
In Fig. 7, we show the eﬀect of electrical loading rate under no stress on polarization hysteresis and strain
butterﬂy curves. The frequencies of applied electric ﬁeld are fE = 0.05 Hz, 0.1 Hz, 0.5 Hz, and the correspond-
ing polarization hysteresis and strain butterﬂy curves are represented by the solid, the dashed, and the dashed
and double dotted lines, respectively, in Fig. 7. It is shown in the ﬁgure that, with increasing frequency, the
polarization hysteresis and strain butterﬂy curves are getting wider and the magnitude of induced strain is get-
ting smaller. Though not shown here, similar predictions are obtained under non-zero compressive stresses.
Burcsu et al. (2004) has mentioned that both polarization and strain curves show only negligible diﬀerences
in this frequency range of electric ﬁeld. Compared to their remarks, strain changes in Fig. 7(b) seem to be lar--1 -0.5 0 0.5 1-0.4
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Fig. 6. Calculated material responses at zero stress and three diﬀerent electrical loading directions, (1,0,0) (solid lines), (1,1,0) (dashed
lines) and (1,1,1) (dashed and double dotted lines): (a) polarization hysteresis curves and (b) strain butterﬂy curves.
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Fig. 7. Calculated material responses at three diﬀerent electrical loading rates, fE = 0.05 Hz (solid lines), 0.1 Hz (dashed lines), 0.5 Hz
(dashed and double dotted lines) under zero stress: (a) polarization hysteresis curves and (b) strain butterﬂy curves.
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Fig. 8. Model predictions under sinusoidal compressive loading cycle (1.1 MPa, 0.05 Hz) and zero electric ﬁeld: (a) stress–polarization
curve, (b) stress–strain curve and (c) phase fraction evolution.
S.-J. Kim, S. Seelecke / International Journal of Solids and Structures 44 (2007) 1196–1209 1207ger than expected, though the changes in polarization curves in Fig. 7(a) look reasonable. Noting that
s90 > s180 and Dg180 > Dg90 in (29), the rate of 90-switching process is taken to be slower than that of
180-switching process in the calculations. Considering that polarization reversal by electrical loading may
occur in two ways, either by one 180-switching process or by two sequential 90-switching processes, slower
90-switching processes mean that less amount of lattices join in 90-switching processes and smaller strain is
induced with increasing frequency, as shown in Fig. 7(b). One may observe similar phenomenon in polycrys-
talline ferroelectric materials. For example, Zhou et al. (2001) measured the rate-dependent behavior of the
soft PZT piezoceramic PIC151 and observed wider strain curves at faster electrical loads. They explained their
experimental results in terms of relatively slow 90-switching processes compared to 180-switching processes.
However, large rate dependency of strain in Fig. 7(b), as well as strain misﬁt at zero stress with observations in
Fig. 5(b), suggest that more thorough investigations, both experimental and theoretical, on 90-switching pro-
cesses are needed to improve the proposed model.
Finally, in Fig. 8, we show the material responses when compressive stress is applied in the X1-axis direction
to a material with all lattices inW1-well initially. The applied compressive stress increase sinusoidally down to
1.1 MPa and then is released at a loading rate 0.05 Hz. The applied compressive stress lowers the depth of
lateral W2-, W3-, W5- and W6-wells, and the lattices in the W1-well jump into the four lateral wells during the
compressive loading cycle. The stress–polarization and stress–strain curves are shown in Fig. 8(a) and (b),
respectively, and the variation of phase fractions in Fig. 8(c). The slight increase of x1 in initial period of
the cycle in Fig. 8(c) is due to repeated 90-switchings from which some lattice elements in lateral wells tem-
porarily jump to W4-well due to thermal activation. Though the predictions cannot be compared to experi-
mental observations for single crystals, similar observations have been made by Lynch (1996) in case of
PLZT ferroelectric ceramics.
5. Conclusions
A one-dimensional free energy model for ferroelectrics by Smith et al. (2002, 2003, 2005) is generalized to
three space dimensions including stress eﬀects. In the proposed model, polarized mesoscopic lattice elements
jump from one energy well to another across energy barriers during a ferroelectric switching process. At the
core of the model is the Helmholtz free energy, which is deﬁned as a piecewise quadratic function of polari-
zation vector and strain tensor in the vicinity of the well minima. From the related Gibbs energy, energy bar-
rier equations for 180- and 90-switching are proposed as functions of thermodynamic driving forces,
generalizing a one-dimensional equation motivated from the model of Smith et al. (2002, 2003, 2005). These
barrier equations are subsequently implemented into kinetic evolution equations for variant fractions based
on the theory of thermally activated processes and statistical thermodynamics.
The predictions of the model are compared with recent observations of Burcsu et al. (2004) for a BaTiO3
single crystal. Most material parameters for a BaTiO3 single crystal are obtained from the literature, while the
parameters associated with energy barriers and transition probabilities are determined from comparison with
experiments, reﬂecting the fact that 900-switching processes are slower than 180-switching processes. Com-
1208 S.-J. Kim, S. Seelecke / International Journal of Solids and Structures 44 (2007) 1196–1209parison of predictions with experiments shows that at larger compressive stresses more lattice elements reverse
their polarization directions by repeated 90-switchings than by single 180-switching. The application of com-
pressive stresses smoothens the polarization hysteresis loop during the initial and ﬁnal period of the transfor-
mation, more pronouncedly so during the ﬁnal period of the transformation. This appears to be due to the
circumstance that, during the later period of the transformation, mainly 90-switching processes occur, which
coincides with the calculations of Seelecke et al. (2005). It is also shown that the response of the model strongly
depends on the direction of applied electric ﬁeld. The largest polarization is obtained when the electric ﬁeld is
applied in the crystallographic (1,0,0) direction, and the smallest when applied in the (1,1,1) direction. Model
predictions at various electrical loading rates imply that polarization hysteresis loops and strain butterﬂy
curves become wider but the magnitude of induced strain (actuation strain) gets smaller with increasing load-
ing rates, which is due to relatively slow 90-switching processes compared to 180-switching processes. Sim-
ilar observations and explanations can be found in Zhou et al. (2001) for polycrystalline ferroelectrics. The
response of the model to a compressive stress cycle, where only 90-switching is induced, is compared quali-
tatively well with the experiments performed by Lynch (1996).
The proposed model has some merits compared to previous models based on thermal activation theory.
First, in the present model, the value of an energy barrier for a switching process is determined from the ther-
modynamic driving force, which is the diﬀerence between the minima of the two energy wells associated with
the switching process. Since this way the energy barriers are directly calculated from the minima, it is not nec-
essary to deﬁne the free energy over the entire nine-dimensional space including the unstable non-convex
regions. It is suﬃcient to describe free energy potentials near the minima of the energy wells only, and the
model bypasses the computationally expensive determination of higher-dimensional saddle points. Another
merit of the current model is the inclusion of stress eﬀects, whereas previous models considered only electrical
loadings.
However, along with all the merits and generally reasonable comparison of model predictions with exper-
iments, there still exist some problems to be resolved. For example, strains are overestimated at zero stress in
Fig. 5(b) and the rate-dependency of the strain curves in Fig. 7(b) appears to be too large. These mismatches
are associated with 90-switching processes, which suggests that we need to understand the characteristics of
90-switching processes more thoroughly. The proposed energy barrier equations, especially for 90-switch-
ings, should be veriﬁed through experiments, and a systematic and reliable way of determining material
parameters has to be established in the future.Acknowledgements
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